L /-—J;t'i'g; of Definite Integrals

val .

2 As seen in the last section, the evaluation of defi :

uite complicated and time consuming. The following Theo
sable tool for the evaluation of definite integrals.

nite integrals by definition
rem is an

indispen
(5.4) Theorem. The Fundamental Theorem of Integral Calculus

If a function f is continuous on [ a, b ] and there is a differentiable

function Fon[a, ] suchthat F'(x) =/ (x), then

b :
i@ ds=Fo)-Fa@.

proof. Let P = {xo, Xy --- X1, X,} be a partition of [ a, b ]. Since F' (x) exists on
a b, F(x) is continuous on [ a, b ]. It follows that F (x) is continuous on each
sul;intewals [x_,x),r=1,2, ..., nand F'(x) exists therein. Hence, by the Mean

value Theorem, we have, forr=12,...,n
F(x)-F(x.) = F'(c) (x, - X )

or Z [F(xr)_F(xr-l)] = Z F’(Cr)Axr'

r=1 _ r=1

The lefi-hand member of this equation is F (b) — F (a). By hypothesis,
F'x)=f(x)on[a,b],s0F'(c)=f(c),r=12,...,n Thergfore, :

F®)-F@ = L f(c)4x =S, f).

ral

= b ‘
Taking limits as 7 — o and || P || > 0, S P, H = If-(x) dx, since f 1s
. . ’ ‘e T a

b
continuous on [ a, 4 ] and so I J(x) dx exists.

a

Thus, we have

b . -
If(x)dx = F(b)-F (a).

Now we take up the area problem,
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properties of Definite Integrals

— Throughout t‘rus section fis a continuous function on [a, b]
- (5.6) Theorem. I f(x)dx = I f(2)d-.
Proof. Let F'(x) =/ (x), a<x<h Then by Theorem 5.4,
‘ b

_[f(x) dx = F(b)-F(a).

Ao Jf(z) = F () - F(a).
Hence the result.
(5.7) Theorem. J- (@) dx = ,—J. f (x) dx
b

Proof, Let 7 (x) = f(x) a<x<b. Then

If(x) dx=F®)-F@ (1
“  [jeyds = F@-FO o @
S | _

From (1) and (2), we have the required result.
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(5.8) Theorem. ,[f (x)dx = I J@)dxt I S@dx, wher, c e\

lay,

Proof. Let F'(¥) = "'f(l) a<x<b. Then

f(x)dx = F(c) - F(a) and If(x)dx = F(b) (
% c).

b
Hee | f@dr+[f(dx = FQ-F @+F®)-F(,

a

b
= FO)-F@ = [7@ay

(5.9) Theorem. j f(x)dx = j fla-x)dx
. ZEEA . |

Proof. Letx=a-z Thendx=-dz.

Whenx=0,z=aand whenx=a,z=0.
a

Therefore, I fx)dx = - J f (@-2)dz = ‘[ Sf(@-2)dz, by )
0 a , 0 ‘

= I f (a-x)dx, by(5.6).
0
2a

(5.10) Th.eorem'. jf(x) dx = If(x) dx + If(Za -x)dx.
2a ' a
Proof. If(r)dx— If(x)dx+jf(x)dx by (5.8) -

' In the second inte Thend"”
gral on the ri h 2a-2
Whenx =g, z a and whenx 2a, z g0t of (.1) putx =

Therefore J JX)dx= _ I f (Za 2)dz

3 If (2a - x) dx, by (5.6) and (5.7): .
0 | | !
A
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=Rttt Into (1), we have

Jil
J‘./ (v) (v =
]

(8.1 1) 'Theorem. (i)

()

2
Pl‘l)()r. (l) f/(_r) idx=
()

2a
(i [ 706y e =
0

(5.12) Theorem. If f(x) =/ (a+x), then

I,/(!’J iyt
(0

)

f,_/ (2a - x)ily,

1/l "
I/ (2a-x) = f(x), then f,/m de = ’J,j/{,f) i
‘ ) 0]

1
WS Qu=x) == [ (x), then _‘J S dx =0,
1

" il
J',/"(x) dx I/(?Jl wx)d x, by (8.10)
) )

" 7]
J JO)dx J‘./(x) dx, by hypothesis
0 0

7]
2 J'/" (x) dx.
0
f{. i
S (x)dx +
0 )
H” a
S (x)dx -
0 0
0

Tf(r) dx = nffcx) dx
0 0

na

Proof, J' S(x)dx =
0

a 2a
[reyass [ reyax+
0 U

.
S(2a=x)dx , by (5.10)

S (x) dx, by hypothesis

Ja
j/(x) dx + «-
2a

na

v | rwa

(n=1)a

S R s e
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